Spring 2010 Qualifying Exam

Part II

Mathematical tables are provided.  Formula sheets are provided.
Calculators are allowed.

Please clearly mark the problems you have solved and want to be graded.  Do only mark the required number of problems.

Physical Constants:

Planck constant: h = 6.6260755  10-34 Js,  = 1.05457266  10-34 Js 
Boltzmann constant: kB = 1.380658  10-23 J/K 
Stefan-Boltzmann constant:  σ = 5.67*10-8W/(m2K4) 

Elementary charge: e = 1.60217733  10-19 C 

Avogadro number: NA = 6.0221367  1023  particles/mol 

Speed of light: c = 2.99792458  108  m/s 

Electron rest mass: me = 9.1093897  10-31 kg 

Proton rest mass: mp = 1.6726231  10-27 kg 

Neutron rest mass: mn = 1.6749286  10-27 kg 

Bohr radius a0 = 5.29177  10-11 m 

Compton wavelength of the electron: c = h/(me c) = 2.42631  10-12 m

Permeability of free space:  0 = 4 10-7 N/A2
Permittivity of free space:  0 = 1/0c2
Gravitational constant: G = 6.6726  10-11 m3/(kg s2)

Solve 6 out of the 8 problems!  (All problems carry the same weight) 
Problem 1:
Consider a simple plane pendulum consisting of a mass m attached to a string of length l.  After the pendulum is set into motion, the length of the string is shortened at a constant rate 
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The suspension point remains fixed.  Consider only times for which l0 - t > 0, i.e. for which the mass has not yet contacted the suspension point.

(a)  Compute the Lagrangian, write down Lagrange’s equation of motion, and solve it for small displacements from equilibrium.
(b)  Compute the  Hamiltonian function. 

(c)  Compare the Hamiltonian and the total energy and discuss the conservation of energy for this system.
Problem 2:
Using the variational method, calculate the energy of the ground state of a particle of mass m in the potential of the form:
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Choose your own trial function.
Problem 3:
A (locally) plane electromagnetic wave in vacuum is propagating in the positive z-direction.  The angular frequency of the wave is .  The wave generator slowly decreases the amplitude of the wave.  At the position z = 0 the amplitude of the wave is E0(1 – at) for times between t = 0 and t = 1/a, with a << .

Consider a cylindrical surface as shown.
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(a)  Find the average outward energy flux from the cylinder.

(b)  Find the field energy enclosed by the surface, and show that it decreases at a rate equal to the flux found in part (a).

Problem 4:
In very massive stars the pressure from electromagnetic radiation can greatly exceed that from the gas.
(a)  Show that in the hot interior of a star the radiation pressure is Prad = aT4/3, where 
a = 4/c and  is the Stefan Boltzmann.
(b)  Assuming a spherical star described by classical Newtonian gravity and a classical electromagnetic field, find an expression for the temperature gradient at the surface of a star when the force per unit volume associated with the radiation pressure is exactly balanced by the force per unit volume associated with gravity, assuming that the gas pressure can be neglected.

(c)  For stars dominated by radiation the temperature gradient is known to take the form

dT/dr = -3L/ (16 ac T3r2),

where T is temperature, L = L(r) is the luminosity (energy per unit time crossing the radius r), and  is a measure of how strongly the photons interact with matter (opacity).  Use this and the first result to show that the star is unstable against radiation blowing surface layers off the star if the luminosity exceeds L = 4cGM/ , where  is evaluated at the surface.
Hint:  You can complete parts (b) and (c) without completing part (a) by using the result given in part (a).
Problem 5:
A ferromagnet is one for which the magnetization M(r) is given and the free current density jf = 0.
(a)  For this case, write down the relevant Maxwell equations for the magnetic induction B and the magnetic field H in the absence of any time-varying electric field.

(b)  For this ferromagnet relate B, H, and M. 
(c)  Define the magnetic scalar potential M and state why this is a valid concept in this case.

(d)  Show that 2M can be expressed in terms of M by a Poisson equation and give its formal solution in the absence of boundaries by comparing with the solution of the electrostatic Poisson equation.
Problem 6:
A particle of mass m is attached to a rigid support by a spring with a force constant k.  At equilibrium, the spring hangs vertically downward.  To this mass-spring combination is attached an identical oscillator, the spring of the latter being connected to the mass of the former. 
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	(a) Show that by appropriate choice of coordinates and their zero-points the equations of motion can be expressed  as 

md2x1/dt2 + 2kx1 – kx2 = 0,  
md2x2/dt2 + kx2 – kx1 = 0.

(b)  Calculate the characteristic frequencies for one-dimensional vertical oscillations.  

(c)  Qualitatively describe the normal modes of the system with a short discussion plus drawings.  

(d)  Quantitatively compare the characteristic frequencies with the frequencies when either of the particles is held fixed while the other oscillates.  




Problem 7:

A free atomic nucleus at rest with mass M makes a transition from excited to ground state by emitting a (-ray photon.
(a)  Find the energy of the ( ray photon and the kinetic energy of the recoil nucleus if the excitation energy was (E.  

(b)  Calculate the recoil energy of the 191Ir nucleus if the excitation energy (E = 129 keV.   

Problem 8:
For an atom with 3 valence electrons, find the spectroscopic terms 2S+1L that characterize the system when the electron distribution is:
(a)  (3p) (4p) (5p)
(b)  (3p)2 (4p)
The electrons are specified by (nl).
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